In this presentation, we will focus on a recent applications of the GoSam 2.0 automated framework which goes beyond the official scope of this code, originally designed for one-loop fixed order calculations. In particular, we describe a customized version of GoSam that has been recently employed to study the production of a top-antitop pair in association with a vector boson or with the Higgs boson to next-to-next-to-leading logarithmic accuracy. In the context of these calculations, the modified version of GoSam was used to evaluate the NLO hard functions which are needed to carry out the resummation of soft gluon emission effects. We also briefly comment on the ongoing efforts to generalize integrand reduction and unitarity for higher order calculation, towards the goal of developing efficient alternative computational techniques for the evaluation of scattering amplitudes beyond one loop.
Introduction
Automation for one-loop calculation has been successfully achieved over the past decade. Thanks to mathematical and technical development in the field, several algorithms have been designed and implemented in a series of highly efficient multi-purpose computational tools.
The situation beyond one loop is much more variegated. The theoretical understanding of the structure of scattering amplitudes at multi-loop has been the subject of several studies. The use of new mathematical approaches, in particular techniques borrowed from algebraic geometry, led to elegant and general results for the structure of the integrands of scattering amplitudes. Moreover, by means of rigorous proofs, such as the Maximum-Cut Theorem, it was shown that the construction of amplitudes based on their kinematic cuts can be safely achieved for any number of loops. Overall, on the one hand, the progress in the field is undeniable. On the other hand, the conceptual progress has not yet been translated in efficient new computational algorithms. At present, calculations beyond one loop are for the most part performed following the "traditional" path of generating Feynman diagrams with computer algebra, reducing them by tensorial reduction and projections over convenient form factors, minimizing the number of Master Integrals (MIs) using integrationby-parts (IBP) identities, and finally evaluating a minimal set of MIs using analytic expressions if possible, otherwise numerically. The hope for the near future is that, as already realized at oneloop, also two-and higher-loop calculations will benefit from the development of new algorithms based on unitarity or higher-order integrand reduction.
In this conference paper, we will report on two different projects, that share the common feature of going beyond the one loop level. In the first and more extensive part, we will discuss an extension of the GoSam framework for automated one-loop calculations [1, 2] to evaluate the NLO hard functions which are needed to carry out the resummation of soft gluon emission effects. In a series of recent papers [3] [4] [5] [6] , this novel feature of GoSam was applied to study the associated production of a top quark pair and a boson (Higgs, W , or Z) at next-to-next-to-leading logarithmic (NNLL) accuracy. A second topic, namely an overview of the recent developments towards an integrand-reduction based approach to two-loop (and higher-order) calculations, will be the subject of our final outlook.
Soft Limit and Factorization
The partonic cross section for top pair production in association with a Higgs, W , or Z boson receives potentially large corrections from soft gluon emission diagrams. Schematically, the partonic cross section depends on logarithms of the ratio of two different scales, L = ln "hard" scale "soft" scale where potentially Lα s ∼ 1. In this situation, the powers of α s alone do not guarantee the correct hierarchy between the various terms in the expansion, and one needs to reorganize the perturbative expansion and resum these large corrections to all orders in perturbation theory. The resummation of these effects to NNLL accuracy can be carried out by exploiting the factorization properties of the partonic cross section in the soft limit, which can be studied with effective field theory methods [7] and by subsequently employing renormalization group improved perturbation theory techniques. In the following, for simplicity, we summarize the main formulas in the case of pp → ttW production. Analogous formulae can be obtained for pp → ttZ and pp → ttH, we refer the reader to [3] [4] [5] [6] for more details.
The associated production of a top quark pair and W boson receives contributions from the partonic processes
where X indicates the unobserved partonic final-state radiation. After defining the invariantŝ
, we define the soft or partonic threshold limit as the region in which z ≡ M 2 /ŝ → 1. Indeed, in this kinematic region, the final state radiation can only be soft. We write the factorization formula for the cross section in the partonic threshold limit as
where s the square of the hadronic center-of-mass energy,
Following [3] [4] [5] [6] , we denote the hard functions with H, the soft functions with S, and the luminosity functions with f f . We refer the reader to these papers for more details. For qq-initiated processes, such as pp → ttW , the hard and soft functions are two-by-two matrices in color space (these become three-by-three matrices in color space for gg-initiated processes, which appear for example in pp → ttZ). The hard functions satisfy renormalization group equations governed by the soft anomalous dimension matrices Γ ij H [8, 9] . In order to carry out the resummation to NNLL accuracy, the hard functions, soft functions, and soft anomalous dimensions must be computed at NLO accuracy. In [4] [5] [6] , this resummation program was carried out in Mellin space.
The NLO soft functions and soft anomalous dimensions are the same for the three processes discussed above, and are provided in [3] [4] [5] . On the contrary, NLO hard functions are process dependent and receive contributions exclusively from NLO virtual corrections. Such objects can be indeed computed by means of customized version of the automated tools for NLO calculations.
Hard functions at NLO with GoSam
The GoSam framework [1, 2] combines automated Feynman diagram generation [10] [11] [12] [13] , with a variety of reduction techniques, to allow for the automated numerical evaluation of virtual oneloop corrections to any given process. After all relevant Feynman integrals are generated, virtual corrections can be evaluated using the integrand reduction via Laurent expansion [14, 15] provided by Ninja [16] , the d-dimensional integrand-level reduction method [17] [18] [19] , as implemented in Samurai [20] , or the tensorial decomposition provided by Golem95C [21] [22] [23] .
By default, GoSam computes squared amplitudes summed over colors. To build the hard functions we need instead to combine color decomposed amplitudes.
For each given process, GoSam projects each Feynman diagram onto an appropriate process dependend color basis {|c i }, thus casting it in the form
After the basis is determined, the code computes, once for all, all entries of the matrices c i |c j which will be relevant for the evaluation of the hard functions. For any given process, we denote the tree-level matrix element and the tree-level squared amplitude respectively as
In order to obtain the NLO prediction, we should compute the interference term between the tree-level and one-loop matrix-elements. We perform this contraction already at the integrand level
where C
(1) j is formed by the sum over the corresponding coefficients of all diagrams that share a set of denominators. The numerator functions obtained in this manner are then passed to the reduction.
In order to compute the hard functions, instead of summing over all colors, we need to extract all contributions to the virtual amplitudes for fixed values of i and j. The LO and NLO hard function can be indeed evaluated as
and H
(1)
respectively. It is important to observe that both formulas (4) and (5) are written in terms of the products c i |c j of elements of the color matrix. Therefore, if we want to isolate one specific color contribution to the LO and NLO amplitudes as required by the evaluation of the hard functions, we can simply set to zero all elements c i |c j but one and then loop over all possible elements. For this purpose, GoSam has been endowed with the new extension "hardfunction". By specifying this keyword in the GoSam input card, together with the initial and final state particles to be considered, the user can force the code to compute all different elements of the hard function matrix by projecting on different elements of the color basis. All results are provided as complex numbers. Afterwards, a change of basis can be performed according to the user's choice. As an output, GoSam generates a FORTRAN routine that allows, for each given phase space point, to compute the corresponding hard functions at LO and NLO.
Phenomenological motivation and applications
The machinery discussed in Sections 2 and 3 was recently applied to study the associated production of a top quark pair and a boson (Higgs, W , or Z) at next-to-next-to-leading logarithmic (NNLL) accuracy [3] [4] [5] [6] . Precise theoretical predictions for these processes have indeed a wide variety of phenomenological applications.
The associated production of a top pair and a Z or W boson (pp → ttW and pp → ttZ) are the two processes with the heaviest final states so far observed observed at the LHC. The study of pp → ttZ provides direct access to the coupling of the top quark to the Z boson. This would allow to distinguish the Standard Model (SM) prediction respect to several New Physics scenarios, that predict changes to this coupling with respect to the SM. The process pp → ttW , after considering the decay of the top quark, can lead to events with two leptons of the same sign in the final state, in combination with jets and missing energy. These events, relatively rare in the SM, are useful within supersymmetry searches. Moreover, both pp → ttW and pp → ttZ are relevant in the context of dark matter searches.
The search for events in which a Higgs boson is produced in association with a top-antitop quark pair (pp → ttH production) is one experimental goals of Run II of the LHC. While the Standard Model cross section for this process is quite small, its measurement would indeed provide important and direct information on the Yukawa coupling of the Higgs boson to the top quark, which is crucial for verifying the origin of fermion masses, and understanding the hierarchy problem related to the mass of the Higgs boson. Moreover, its precise measurement would place strict constraints on New Physics searches.
As an example of phenomenological application, in Figure 1 we present a comparison of the predictions for the total cross sections of pp → ttW and pp → ttZ [6] at NLO and NLO+NNLL, with the corresponding experimental data for the LHC at 13 TeV [24] which were recently released by the CMS Collaboration. A previous version of this comparison, based on earlier data from ATLAS measurements at 8 TeV [25] and to the CMS measurements at 13 TeV [26] , showed that theoretical predictions for the ttW cross section were somehow smaller than measurements for both collider energies [6] . With the present data, the discrepancy has decreased well below the 2σ limit, however the predicted SM values for both the ttW and ttZ cross sections remain slightly smaller than the measured cross sections. Of course, a fully exhaustive comparison between predictions and measurements should also account for the uncertainty associated to the choice of the PDFs and to the value of α s , which are not reflected in the error bars of Figure 1 .
The results were obtained by means of an in-house parton level Monte Carlo code for the numerical evaluation of the resummation formula and matched to complete NLO calculations employing MadGraph5_aMC@NLO [27] . The NLO hard function have been computed with the oneloop provider Openloops [28] in combination with Collier [29] and cross-checked with GoSam [1, 2] used in combination with the reduction provided by Ninja [14] [15] [16] .
5 Future Outlook: towards a new approach to higher order calculations
As anticipated in the introduction, we recently witnessed several interesting developments related to the mathematical properties of scattering amplitudes [30] , which apply far beyond the well-known limit of one-loop calculations. Integrand reduction, revisited within the language of algebraic geometry, and unitarity started to build again that constructive interference pattern which led a few years back to revolutionary results for the one-loop case. While very few actual calculations appeared in the literature, an example being the two-loop four gluons amplitudes obtained with numerical unitarity method [31, 32] , we expect these new approaches to play an increasingly important role in the forthcoming months. The idea of applying the integrand reduction beyond one loop, pioneered in [33, 34] , has been the target of several studies in the past five years, thus providing a new promising direction in the study of multi-loop amplitudes. An important upgrade in this process was achieved by systematizing the determination of the residues at the multiple poles of scattering amplitudes as a problem of multivariate polynomial division in algebraic geometry [35] [36] [37] , which turned out to be a very natural language to describe the integrand-level decomposition. This approach confirms that the shape of the residues is uniquely determined by the on-shell conditions, without any additional constraint.
The Maximum Cut Theorem [36] guarantees that one of the pillars of integrand reduction, namely the construction and evaluation of all residues on the kinematic cuts, is well grounded. After labeling as Maximum-cuts the largest sets of denominators which can be simultaneously set to zero for a given number of loop momenta, the Maximum Cut Theorem ensures that the corresponding residues are parametrized by exactly n s coefficients, where n s is the number of solutions of the multiple cut-conditions. This theorem extends to all orders the features of the one-loop quadruple-cut in dimension four [17, 38] .
In a different and very promising approach to integrand reduction, called Adaptive Integrand Decomposition [39] , non-physical degrees of freedom are integrated out by means of orthogonality relations, thus eliminating spurious integrals and leading to much simpler expressions for the integrand-decomposition formulae.
While many computer algebra systems use finite fields for solving problems such as polynomial factorization, the application of finite fields in high-energy physics is very recent [40] [41] [42] . Multivariate polynomials and rational functions, which commonly appear in the techniques mentioned above, can indeed be analytically reconstructed from their numerical evaluation at several values of its arguments, and finite field provide an extremely efficient way of achieving this goal.
The GoSam framework was developed to compute one-loop virtual contributions, as needed by NLO phenomenology. However, thanks to its modular structure, it can be extended to address specific tasks needed by higher order calculations: for example, to produce expressions for the two-loop Feynman diagrams contributing to any given process. This feature has been successfully employed to compute the two-loop virtual amplitudes for Higgs boson pair production in gluon fusion [43] [44] [45] .
To summarize, plenty of activities are currently in progress beyond one-loop. Traditional tools for IBP-based approaches have been upgraded with smarter techniques (finite fields reconstruction). Further improvements have been achieved in the analytic and numerical evaluation of Master Integrals. Algebraic geometry provided a new handle to understand the structure of mathematical objects which appear in these calculations. Unitarity at higher loops is under development. Overall, it's a time of theoretical improvements and mathematical explorations, which will naturally lead to alternative approaches for advanced multi-loop calculations.
